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MINIMAL LAGRANGIAN SURFACES IN CP 2 VIA THE LOOP
GROUP METHOD PART I: THE CONTRACTIBLE CASE
JOSEF F. DORFMEISTER AND HUI MA
Abstract. In this paper, we employ the loop group method to study the con-
struction of minimal Lagrangian surfaces in the complex projective plane for which
the surface is contractible. We present several new classes of minimal Lagrangian
surfaces in CP 2.
1. Introduction
Minimal Lagrangian surfaces in the complex projective plane CP 2 endowed with
the Fubini-Study metric are of great interest from the point of view of differential
geometry, symplectic geometry and mathematical physics (For instance, see [7, 41,
32, 26, 33, 34, 27]). They give rise to local models of singular special Lagrangian
3-folds in Calabi-Yau 3-folds, hence play an important role in the development of
mirror symmetry ([29]).
The Gauss-Codazzi equations for minimal Lagrangian surfaces in CP 2 are given
by
uzz¯ = e
−2u|ψ|2 − eu,
ψz¯ = 0,
where g = 2eudzdz¯ is the induced Riemannian metric on the Riemann surface and
ψdz3 is a cubic differential defined on the surface.
Using the fact that a Riemann surface of genus zero has no non-trivial holomorphic
differentials, one can see that any minimal Lagrangian surface of genus zero in CP 2
is totally geodesic, hence is the standard immersion of S2 in CP 2 ([45, 36]). Any
minimal Lagrangian immersed surface of genus one in CP 2 can be constructed in
terms of algebraically completely integrable systems [41, 32, 33].
The objective of the present paper is to apply the loop group method [16] to the
construction of minimal Lagrangian surfaces in CP 2. The paper is organized as
follows: in Section 2, we recall the general theory of loop group method for harmonic
maps and basic set-ups for minimal Lagrangian surfaces in CP 2. Then we give Wu’s
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formula to describe the normalized potential of minimal Lagrangian surfaces. In
Section 3, we characterize the vacuum solutions. Then in Section 4 we investigate
minimal Lagrangian surfaces admitting some symmetries. In Section 5, we give a
complete characterization of all full minimal Lagrangian surfaces with finite order
symmetries with a fixed point or without fix points.
In all classes of integrable surfaces two types of one-parameter groups can be con-
sidered. At one hand these are the one-parameter groups of extrinsic isometries, i.e.
one-parameter groups of isometries of the space the surfaces are contained in, and, on
the other hand, one-parameter groups of isometries of the induced metric. These two
types of transformations were discussed first for surfaces of constant mean curvature
in R3 by Smyth [42]. For a given minimal Lagrangian surface f : M → CP 2 one
considers, more generally now, as extrinsic isometries one parameter groups (γt, Rt)
with γt a one-parameter group of automorphisms of the Riemann surfaceM and Rt a
one-parameter group of isometries of CP 2 satisfying f(γt.z) = Rtf(z). It was shown
(see [14], [15]) that up to normalizations only two types of such one-parameter groups
occur: translationally equivariant surfaces and rotationally equivariant surfaces. In
the case of minimal Lagrangian surfaces it follows that the domain of definition is
all of C or S2. The rotationally equivariant surfaces all yield minimal Lagrangian
spheres and real projective spaces. In [14], [15] also an explicit construction of all
translationally equivariant minimal Lagrangian surfaces is given, extending the re-
sult of [7]. Moreover, translationally equivariant cylinders have been discussed there
and it was shown, how one can recover the results on tori of [7] by the methods of the
present paper. For the second type of one-parameter groups, a coarse classification
of minimal Lagrangian surfaces with one-parameter groups of self-isometries of M
relative to the induced metric is given in Theorem 6.5. No literature about this is
known to the authors.
In Section 7, we discuss radially symmetric, minimal Lagrangian surfaces, as these
surfaces are commonly known and restrict from thereon to the case of immersions
defined on all of C. In this paper we only discuss entire surfaces. As a matter
of fact, in Section 8 we give the construction of entire radially symmetric minimal
Lagrangian immersions into CP 2 with constant normalized potential. This contains
the simplest case and still seems to be new.
2. Preliminaries
We first recall the loop group method for the construction of primitive harmonic
maps of a Riemann surface into a k-symmetric space [16].
2.1. Primitive harmonic maps. As pointed out above, minimal Lagrangian spheres
in CP 2 are completely known. We will therefore assume without loss of generality
that the simply-connected cover of any Riemann surface considered in this paper
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is non-compact, whence contractible and we will usually assume that the Riemann
surface is the complex plane, the upper half-plane or the open unit disk. We will
always write D for such a Riemann surface.
Let G be a compact real semisimple Lie group with an automorphism σ : G→ G
of finite order k ≥ 2. Let Gσ = Fix(G, σ) and Gσ0 the identity component of Gσ.
A real homogeneous space G/K is called a k-symmetric space, if (G)σ0 ⊂ K ⊂ Gσ.
Then σ induces an automorphism, also denoted by σ, of the Lie algebra g of G as
well as of their complexifications GC and gC.
The eigenspace decomposition of gC gives a reductive decomposition of g
(2.1) g = k⊕m,
where mC =
∑
l∈Zk\{0} g
C
l and g
C
l is the ǫ
l-eigenspace of σ for ǫ = e2pii/k.
Let f : D → G/K be a smooth map with frame (or lift) F : D → G so that
f = π ◦ F, where π : G → G/K is the canonical projection. Such a frame always
exists globally.
Then the g-valued 1-form α = F−1dF has a split α = αk + αm according to (2.1).
Write αm = α
′
m + α
′′
m according to the type decomposition TM
C = T ′M ⊕ T ′′M for
M = D. Then we have the well known result: A map f : D → G/K is harmonic if
and only if
dα′m + [αk ∧ α′m] = 0,
dαk +
1
2
[αk ∧ αk] + [α′m ∧ α′′m] = 0.
A map f : D → G/K is called primitive if α′m takes values in g−1. Remark that
when k > 2, a primitive map is automatically harmonic [5], Theorem 3.6. (Also see
[1].)
Combining these two cases, we say that f is a primitive harmonic map if either
k = 2 and f is harmonic, or k > 2 and f is primitive.
Now if F frames a primitive harmonic map, then
αλ = λ
−1α′m + αk + λα
′′
m
is a family of flat connections for each λ ∈ C∗. Therefore, by solving F−1λ dFλ = αλ,
we obtain the family Fλ of extended frames. We will always interpret the family Fλ
as a map from D into the twisted loop group
ΛGσ = {g : S1 → G smooth | g(ǫλ) = σ(g(λ))}.
Conversely, given an extended frame Fλ, then Fλ frames a primitive harmonic map
for each λ ∈ S1.
Using the point 0 ∈ D as a base point (which is what we usually do, unless we state
the opposite explicitly), the space of primitive harmonic maps f : D → G/K with
f(0) = eK can be identified with the space of extended frames F : D → ΛGσ with
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F(0) = k ∈ K modulo gauge transformations H : D → K via the relation f = π ◦
Fλ=1. We will usually implement this bijection by choosing without loss of generality
F(0, λ) = e. Thus constructing primitive harmonic maps turns equivalently into the
construction of an extend frame from a contractible Riemann surface into a twisted
loop group. The crucial property of the loop group method introduced in [16] is that
any primitive harmonic map defined on a contractible Riemann surface D can be
obtained from some potential, which is a 1-form on D, holomorphic in λ ∈ C∗, and
can be assumed to be holomorphic in z ∈ D. In this case the potential may be an
infinite power series in λ. However, by weakening the assumption to meromorphic
in z one can assume that the potential only contains one power of λ, namely λ−1.
2.2. Loop groups. Let’s introduce some notation. By D we denote the interior
of the unit disk D = {λ ∈ C||λ| < 1} and by E the exterior of the unit disk,
E = {λ ∈ C||λ| > 1} ∪∞ in S2.
Since we are primarily interested in groups and loop groups related to SL(3,C), we
write down the conditions below for simply-connected complex (matrix) Lie groups
and compact stabilizer groups K only.
Set
ΛGCσ = {g : S1 → GC|g has finite Wiener norm, g(ǫλ) = σg(λ)},
Λ+GCσ = {g ∈ ΛGCσ | g extends holomorphically to D, g(0) ∈ KC},
Λ+BG
C
σ = {g ∈ Λ+GCσ | g(0) ∈ B},
Λ−GCσ = {g ∈ ΛGCσ | g extends holomorphically to E, g(∞) ∈ KC},
Λ−∗G
C
σ = {g ∈ Λ−GCσ | g(∞) = e},
where KC = KB is a fixed Iwasawa decomposition of KC.
We will always equip ΛGCσ with the Wiener topology of absolute convergence of
the Fourier coefficients. Then the group ΛGCσ becomes a complex Banach Lie group
with Lie algebra
ΛgCσ := {ξ : S1 → gC|σ(ξ(λ)) = ξ(ǫλ)}.
If ξ ∈ ΛgCσ , its Fourier decomposition is
ξ =
∑
l∈Z
λlξl, ξl ∈ gl
and the Lie subalgebras of ΛgCσ corresponding to the subgroups ΛGσ, Λ
+GCσ and
Λ−GCσ are
Λgσ = Λg
C
σ ∩ g,
Λ+gCσ = {ξ ∈ ΛgCσ |ξl = 0 for l < 0, ξ0 ∈ k},
Λ−gCσ = {ξ ∈ ΛgCσ |ξl = 0 for l > 0, ξ0 ∈ k}.
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Similar conditions hold for the remaining two Lie algebras.
We finish this subsection by quoting the two splitting theorems which are of crucial
importance for the application of the loop group method.
The first of these theorems is due to Birkhoff, who invented it for the loop group
of GL(n,C) in an attempt to solve Hilbert’s 21’st problem.
Theorem 2.1 (Birkhoff Decomposition). Let G be a compact real Lie group. Then
the multiplication Λ−∗ G
C
σ ×Λ+GCσ → ΛGCσ is a complex analytic diffeomorphism onto
the open, connected and dense subset Λ−∗G
C
σ · Λ+GCσ of ΛGCσ , called the big (left
Birkhoff) cell.
In particular, if g ∈ ΛGCσ is contained in the big cell, then g has a unique decom-
position g = g−g+, where g− ∈ Λ−∗GCσ and g+ ∈ Λ+GCσ .
The second crucial loop group splitting theorem is the following
Theorem 2.2 (Iwasawa decomposition). Let G be a real compact Lie group. Then
the multiplication map
ΛGσ × Λ+BGCσ → ΛGCσ
is a real-analytic diffeomeorphism of Banach Lie groups.
This result is well known for untwisted loop groups (see, e.g. Pressley-Segal [39])
and was extended to the twisted setting in [16].
2.3. The basic loop group method. Let us start from some primitive harmonic
map f : D→ G/K and let’s consider an extended frame F : D → ΛGσ of f . Unless
stated otherwise we will always assume F(0, λ) = e.
While the frame F satisfies a non-linear integrability condition, the objects we
construct next trivially satisfy the integrability condition.
Construction 1: Holomorphic potentials
For any extended frame F : D→ ΛGσ with F(0) = e, of some primitive harmonic
map f one can show that there exists a global matrix function V+ : D → Λ+GCσ
solving the ∂¯-problem
(2.2) ∂¯V+V
−1
+ = −(α′′k + λα′′m), V+(0) = e
over D, so that C = FV+ gives a holomorphic extended frame. The Maurer-Cartan
form of C, η = C−1∂C is a (1, 0)-form defined on D and takes values in
Λ−1,∞ := {ξ ∈ ΛgCσ |ξ extends holomorphically to
0 < |λ| < 1 with a simple pole at 0}
= {ξ =
∑
l≥−1
λlξl ∈ ΛgCσ}.
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This differential 1-form on D is called a holomorphic potential for f .
Conversely, starting from a holomorphic (1, 0)-form η =
∑
l≥−1 λ
lηl ∈ Λ−1,∞, one
first solves the ODE dC = Cη, C(0, λ) = e over D, where C ∈ ΛGCσ . Performing
an Iwasawa decomposition of C: C = FV+, where F = F(z, λ) ∈ ΛGσ and V+ =
V0 + λV1 + λ
2V2 + · · · ∈ Λ+GCσ , it turns out that F is the extended frame of some
primitive harmonic map f = π ◦ Fλ=1 : D→ G/K.
Altogether we obtain
Theorem 2.3 ([16]). Let G/K be a compact k-symmetric space. Let f : D→ G/K
be a primitive harmonic map with f(0) = eK and F : D → ΛGσ an extended frame
of f satisfying F(0, λ) = e. Then there exists a matrix function V+ : D → Λ+GCσ
such that C = FV+ is holomorphic in z ∈ D. Furthermore, η = C−1dC ∈ Λ−1,∞ is a
holomorphic (1, 0)-form on D, called a holomorphic potential for f .
Conversely, given a holomorphic (1, 0)-form η ∈ Λ−1,∞ on D we obtain a map
C : D → ΛGCσ , satisfying dC = Cη and C(0, λ) = e. Performing an Iwasawa
decomposition of C we obtain an extended frame F : D → ΛGσ of some primitive
harmonic map f = π ◦ Fλ=1.
Construction 2: Normalized potentials
If one does not require that C = FV+ is necessarily holomorphic in z, but only
meromorphic, then by using the Birkhoff decomposition F− = FV+, [16] shows that
any harmonic map f : D → G/K can be obtained from a meromorphic potential of
the form F−1− dF− = µ = λ
−1µ−1. Note, in this step F− is automatically meromorphic
on D.
The converse procedure follows the pattern outlined above. We collect the results
for the meromorphic case by
Theorem 2.4 ([16]). Let G/K be a compact k-symmetric space. Let f : D→ G/K
be a primitive harmonic map with f(0) = eK and F : D→ ΛGσ an extended frame of
f satisfying F(0, λ) = e. Then there exists a discrete subset S ⊂ D\{0} such that for
any point z ∈ D\S, the Birkhoff decomposition F(z, ·) = F−(z, ·)F+(z, ·) exists, with
F−(z, ·) ∈ Λ−∗ GCσ and F+(z, ·) ∈ Λ+GCσ , and η = F−(z, λ)−1dF−(z, λ) is a mC-valued
meromorphic (1, 0)-form with poles in S and which only contains the power λ−1.
Conversely, given a mC-valued meromorphic (1, 0)-form η on D containing only
the power λ−1, for which the solution to F−(z, λ)−1dF−(z, λ) = η with F−(0, ·) = e
is meromorphic, we obtain a map F− : D\S → Λ−∗ GCσ , where the discrete subset
S ⊂ D\{0} consists of the poles of η. Performing an Iwasawa decomposition of F−
we obtain an extended frame F : D\S → ΛGσ of some primitive harmonic map f
which satisfies F(0, λ) = e.
The two constructions explained in this theorem are inverse to each other.
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Remark 1. (1) The mC-valued meromorphic (1, 0)-form η on D, unique after the
choice of a base point, is called the normalized potential of f with the point
0 as the reference point.
(2) We would like to emphasize that ∂¯F−(z, λ) = 0 on D\S.
(3) In the generality discussed above, a meromorphic η will in general not yield a
globally smooth minimal Lagrangian immersion. To obtain global smoothness
one needs to require certain relations between the poles and zeros of the
coefficients of the potential. For CMC surfaces in R3, see e.g. [8].
More information concerning the loop group method can be found in [9], [10], [18].
2.4. Minimal Lagrangian surfaces in CP 2. We recall briefly the basic set-up
for minimal Lagrangian surfaces in CP 2. For details we refer to [32] and references
therein.
Let CP 2 be the complex projective plane endowed with the Fubini-Study metric
of constant holomorphic sectional curvature 4. For a minimal Lagrangian immersion
of a nonorientable surface, some double cover is orientable. Hence it is no restriction
to assume in this paper that f : M → CP 2 is a minimal Lagrangian immersion of
an oriented surface.
The induced metric on M generates a conformal structure with respect to which
the metric is g = 2eudzdz¯, and where z = x + iy is a local conformal coordinate on
M and u is a real-valued function defined on M locally.
For our approach in this paper we will need certain lifts to S5(1) = {Z ∈ C3|Z ·
Z¯ = 1}, where Z · W = ∑3k=1 zkwk denotes the Hermitian inner product for any
Z = (z1, z2, z3) and W = (w1, w2, w3) ∈ C3.
Theorem 2.5. Let f : M → CP 2 be a Lagrangian immersion of an oriented surface
and U an open contractible subset of M . Then the Lagrangian immersion fU := f |U
has a horizontal lift fU : U → S5(1), i.e. fU satisfies the equations
(2.3) (fU)z · fU = (fU)z¯ · fU = 0.
Moreover, fU is uniquely determined by this property up to a constant factor δ ∈ S1.
Proof. First we note, that f has a lift fˇU to S
5(1), since the pullback of the Hopf
fibration S5(1)→ CP 2 is trivial over the contractible subset U .
Secondly, it is straightforward to verify that this lift fˇU induces for any Lagrangian
immersion the closed one-form dˇfU · fˇU . Hence, since U is contractible, there exists a
real function η ∈ C∞(U) such that idη = dˇfU · fˇU . Then fU = e−iη fˇU is a horizontal
lift of f from U to S5(1). If gU is another horizontal lift, then gU = e
ihfU by the
definition of the Hopf fibration. Then a straightforward computation using (2.3)
implies that the function eih is a constant δ and again the definition of the Hopf
fibration implies δ ∈ S1. 
8 JOSEF F. DORFMEISTER AND HUI MA
Remark that an immersed surface f : M → S5(1) is called Legendrian with respect
to the standard contact form if it satisfies (2.3).
It is useful to point out that any minimal Lagrangian immersion f : M → CP 2
has a natural lift f˜ : M˜ → CP 2 to the universal cover M˜ as a minimal Lagrangian
immersion.
Corollary 2.6. Let f : M → CP 2 be a minimal Lagrangian immersion of an ori-
ented surface and f˜ : M˜ → CP 2 its natural lift to the universal cover M˜ of M . Then,
if M 6= S2, then M˜ is contractible and f˜ : M˜ → CP 2 can be lifted to a horizontal
map F˜ : M˜ → S5(1) and this map is uniquely determined up to some constant factor
δ ∈ S1.
For general Riemann surfaces M and general conformal immersions f :M → CP 2
such a (global) lift f : M → S5 does not exist.
Example. The map f : R2 → S5(1) defined by
f(x, y) =
1√
3
(e2iy, ei(
√
3x−y), e−i(
√
3x+y))
is a flat, conformal, minimal Legendrian immersion in S5(1). It induces an embedded
torus in S5(1)
g : R2/Λ→ S5(1),
where Λ = Zω1 ⊕ Zω2 with ω1 = (0, 2π) and ω2 = ( pi√3 , π). Project this map by the
Hopf fibration ΠH : S
5(1)→ CP 2, we obtain a minimal Lagrangian torus
f0 = ΠH ◦ g : R2/Λ→ CP 2.
Notice that
(2.4) f((x, y) +
k
3
ω1 +mω2) = e
−i 2pi
3
kf(x, y),
where k,m ∈ Z. Hence it induces a map f ′0 : R2/ΛC → CP 2, satisfying f ′0 ◦ Π ′ =
ΠH ◦ f , where ΛC = Zω13 ⊕Zω2 and Π ′ is the natural projection from R2 to R2/ΛC .
We observe that f ′0 is an embedded minimal Lagrangian torus in CP
2. This torus
is called the Clifford torus.
We claim that f ′0 is not globally horizontally liftable. Otherwise, assume that there
exists a horizontal map
g′ : R2/ΛC → S5(1)
such that ΠH ◦ g′ = f ′0. Then we have
ΠH ◦ g′ ◦Π ′ = f ′0 ◦Π ′ = ΠH ◦ f.
Thus there exists h : R2 → R such that g′ ◦Π ′ = eih(x,y)f . This means
g′ ◦ τ ◦Π = eih(x,y)g ◦Π,
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where we set Π : R2 → R2/Λ and τ : R2/Λ → R2/ΛC are the natural projections,
whence Π ′ = τ ◦ Π . Since g and g′ ◦ τ are horizontal, h is constant and hence we
have
g′ ◦Π ′ = eihf.
But the left hand side is invariant under the lattice ΛC and the right hand side
depends on k due to (2.4). This contradiction shows the claim holds.
We would like to emphasize again, that in this paper all Lagrangian surfaces
are assumed to be defined on a contractible domain. Hence we exclude M = S2
throughout this paper (except where the opposite is stated explicitly) and will always
use M = D as domains of minimal Lagrangian surfaces, indicating that D is a
contractible domain, usually assumed to be C or the upper-half plane or the unit
disk.
2.5. Frames for horizontal lifts. In this subsection we assume that D is a con-
tractible Riemann surface, f : D → CP 2 a minimal Lagrangian immersion and
f : D→ S5(1) a horizontal lift of f .
The fact that the induced metric g is conformal is equivalent to
fz · fz = fz¯ · fz¯ = eu,
fz · fz¯ = 0.
(2.5)
Thus F = (e−u2 fz, e−u2 fz¯, f) defines a Hermitian orthonormal moving frame on the
surface D.
It follows from (2.3), (2.5) and the minimality of f that F satisfies the frame
equations (see e.g. [32])
(2.6) Fz = FU , Fz¯ = FV,
where
(2.7) U =

 uz2 0 e
u
2
e−uψ −uz
2
0
0 −eu2 0

 , V =

 −uz¯2 −e−uψ¯ 00 uz¯
2
e
u
2
−eu2 0 0

 ,
with
(2.8) ψ = fzz · fz¯.
Using (2.5) and Corollary 2.6 one can easily check that the cubic differential Ψ =
ψdz3 is actually independent of the choice of a lift and the complex coordinate z of
D and thus is globally defined on the Riemann surface D. The differential Ψ is called
the Hopf differential of f .
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The compatibility condition of the equations (2.6) is Uz¯ − Vz = [U ,V], and using
(2.7) this turns out to be equivalent to
uzz¯ + e
u − e−2u|ψ|2 = 0,(2.9)
ψz¯ = 0.(2.10)
Since f it is uniquely determined up to a constant factor δ ∈ S1, also F is only
defined up to this constant factor. We can actually assume
Proposition 2.7. Let D be a contractible Riemann surface and f : D → CP 2 a
minimal Lagrangian immersion. Then for the corresponding frame F we can as-
sume without loss of generality detF = −1. Under this assumption F is uniquely
determined up to some factor δ satisfying δ3 = 1.
Proof. We know from orthonormality that detF = κ ∈ S1. Moreover, by (2.6)-(2.7),
we see that d ln detF = 0, which implies that the determinant of F is independent
of z. Hence we can multiply F by a constant in S1 such that detF = −1. 
From here on we will always assume that detF = −1 holds.
Notice that the integrability conditions (2.9)-(2.10) are invariant under the trans-
formation ψ → νψ for any ν ∈ S1. This implies that after replacing ψ in (2.7) by
ψν = νψ the equations (2.6) are still integrable. Therefore, the solution F(z, z¯, ν),
with initial condition F(0, 0, ν) = F(0, 0) to this new system of equations is the
frame of some minimal Lagrangian surface f ν . The argument above yields also now
that detF(z, z¯, ν) = δ(ν) ∈ S1 is independent of z.
Next we consider A(z, z¯, ν) = ∂νF(z, z¯, ν) · F(z, z¯, ν)−1. It is straightforward to
compute dA(z, z¯, ν) = F(z, z¯, ν)∂νβF(z, z¯, ν)−1, where β = F(z, z¯, ν)−1dF(z, z¯, ν).
Therefore we obtain 0 = tr dA(z, z¯, ν) = d tr(∂νF(z, z¯, ν)F(z, z¯, ν)−1), whence
∂ν ln detF(z, z¯, ν) = tr(∂νF(z, z¯, ν)F(z, z¯, ν)−1) = h(ν) is independent of z. Set-
ting z = 0 and recalling our choice of initial condition we obtain h(ν) ≡ 0. Thus
detF(z, z¯, ν) is independent of z and of ν. As a consequence we can again assume
without loss of generality detF(z, z¯, ν) = −1.
It turns out to be convenient to consider in place of the frames F(z, z¯, ν) the
gauged frames
(2.11) F(λ) = F(ν)

 −iλ 0 00 −iλ−1 0
0 0 1

 ,
where iλ3ν = 1. Note that we have detF = −1 and detF = 1, hence F ∈ ΛSU(3).
By replacing F(z, z¯, λ) by F(0, 0, λ)−1F(z, z¯, λ) we can assume without loss of gen-
erality F(0, 0, λ) = I. Note that this normalization implies f(0, 0, λ) = e3 and also
implies that the minimal Lagrangian immersion f(z, z¯, λ) satisfies f(0, 0, λ) = [e3].
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Thus the change above is the one moving the associated family f(z, z¯, λ) of the im-
mersion f to the associated family of the immersion F(0, 0)−1f(z, z¯). Moreover, the
immersions for which the above normalizations hold are uniquely determined and,
in particular, independent of the horizontal lift.
For these frames we obtain the equations
F
−1
Fz =
1
λ

 0 0 ie
u
2
−iψe−u 0 0
0 ie
u
2 0

+

 uz2 −uz
2
0


:= λ−1U−1 + U0,
F
−1
Fz¯ = λ

 0 −iψ¯e−u 00 0 ieu2
ie
u
2 0 0

+

 −uz¯2 uz¯
2
0


:= λV1 + V0.
(2.12)
Proposition 2.8. Let M be an arbitrary Riemann surface different from S2 and
U a contractible open subset of M . Let F(z, z¯, λ), λ ∈ S1, z ∈ U, be a solution to
the system (2.12). Then [F(z, z¯, λ)e3] gives a minimal Lagrangian surface defined on
U with values in CP 2 and with the metric g = 2eudzdz¯ and the Hopf differential
Ψν = νψdz3 with iλ3ν = 1.
Conversely, suppose f ν : M → CP 2 is a conformal parametrization of a minimal
Lagrangian surface in CP 2 with the metric g = 2eudzdz¯ and Hopf differential Ψν =
νψdz3. Then for any open, contractible subset U of M there exists a frame F : U →
SU(3) satisfying (2.12) with iλ3ν = 1. This frame is unique if we choose a base
point z0 and normalize F(z0, z¯0, λ) = I.
We have already pointed out that one can interpret the frames above as elements of
the loop group ΛSU(3). It actually turns out that they belong to a smaller, twisted,
loop group.
2.6. The loop group method for minimal Lagrangian surfaces. Let σ denote
the automorphism of GC = SL(3,C) of order 6 defined by
σ : g 7→ P (gt)−1P−1, where P =

 0 ǫ2 0ǫ4 0 0
0 0 1

 , with ǫ = epii/3.
Let τ denote the anti-holomorphic involution of GC = SL(3,C) which defines the
real form G = SU(3), given by
τ(g) := (g¯t)−1.
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Then on the Lie algebra level the corresponding automorphism σ of order 6 and the
anti-holomorphic automorphism τ of gC = sl(3,C) are
σ : ξ 7→ −PξtP−1, τ : ξ 7→ −ξ¯t.
Explicitly the eigenspaces gCk of σ with respect to the eigenvalue ǫ
k in sl(3,C) are
given as follows
gC0 =



a −a
0

 | a ∈ C

 , gC1 =



0 b 00 0 a
a 0 0

 | a, b ∈ C

 ,
gC2 =



0 0 a0 0 0
0 −a 0

 | a ∈ C

 , gC3 =



a a
−2a

 | a ∈ C

 ,
gC4 =



 0 0 00 0 a
−a 0 0

 | a ∈ C

 , gC5 =



0 0 ab 0 0
0 a 0

 | a, b ∈ C

 .
In view of (2.12) and the eigenspaces stated just above one is led to consider the
twisting automorphism
(2.13) (σ(g))(λ) = σ(g(ǫ−1λ)).
Then the σ-twisted loop group is defined as in the beginning of this section as
fixed point set of this twisting automorphism. Now it is easy to verify
Proposition 2.9. The frames F(z, z¯, λ) satisfying F(z0, z¯0, λ) = I are elements of
the twisted loop group ΛSU(3)σ.
Using loop group terminology, we can state (refer to [32]):
Proposition 2.10. Let f : D → CP 2 be a conformal parametrization of a con-
tractible Riemann surface and f its horizontal lift. Then the following statements are
equivalent:
(1) f is minimal Lagrangian.
(2) There exists a frame F : D → SU(3) which is primitive harmonic relative to
σ.
(3) There exists an extend frame F : D→ ΛSU(3)σ such that F−1dF = (λ−1U−1+
U0)dz+(λV1+V0)dz¯ ⊂ Λsu(3)σ is a one-parameter family of flat connections
for all λ ∈ C∗.
The general Iwasawa decomposition theorem stated above takes in our case, i.e.
for the groups ΛSL(3,C)σ and ΛSU(3)σ, the following explicit form:
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Theorem 2.11 (Iwasawa decomposition theorem of ΛSL(3,C)σ). Multiplication
ΛSU(3)σ × Λ+SL(3,C)σ → ΛSL(3,C)σ is a diffeomorphism onto. Explicitly, every
element g ∈ ΛSL(3,C)σ can be represented in the form g = hV+ with h ∈ ΛSU(3)σ
and V+ ∈ Λ+SL(3,C)σ. One can assume without loss of generality that V+(λ = 0)
has only positive diagonal entries. In this case the decomposition is unique.
2.7. Wu’s formula for minimal Lagrangian surfaces in CP 2. The relation
between normalized potentials and minimal Lagrangian immersions is a priori quite
abstract. It turns out, however, that there is a simple relation.
Let f : D → CP 2 be a minimal Lagrangian immersion and F : D → ΛSU(3)σ an
extended frame for f , which means that F−1dF = (λ−1U−1+U0)dz+ (λV1+ V0)dz¯ ∈
Λsu(3)σ. In Subsection 2.3 we have explained the basic construction scheme of
normalized potentials. Thus we perform a Birkhoff decomposition and obtain
F = F−F+
for z ∈ D\S and S ⊂ D is a discrete subset, where
F+ = F0(I + λF1 + · · · ) ∈ Λ+SL(3,C)σ,(2.14)
F− = I + λ
−1B + · · · ∈ Λ−∗ SL(3,C)σ.(2.15)
Then F− = FF−1+ and
η := F−1− dF− = F+(F
−1dF)F−1+ − dF+F−1+
= F+((λ
−1U−1 + U0)dz + (λV1 + V0)dz¯)F−1+ − dF+F−1+
= λ−1F0U−1F−10 dz =: λ
−1A−1dz.
Since η is integrable, it follows that the matrix
A−1 := F0U−1F−10
only depends on z, and actually is meromorphic in z.
As usual, we assume F(0, 0, λ) = I at the base point z = z¯ = 0. Then we can
expand the real analytic matrix functions F, F−, F+ into power series in z and z¯. In
these expansions we can set z¯ = 0. Then from F = F−F+ we obtain
F(z, 0, λ) = F−(z, 0, λ)F+(z, 0, λ).
Since
F(z, 0, λ)−1
d
dz
F(z, 0, λ) = λ−1U−1(z, 0) + U0(z, 0),
we infer F(z, 0, λ) ∈ Λ−SL(3,C)σ.
Remembering that F−(z, 0, λ) is given by (2.15), we conclude that F+(z, 0, λ) =
F0(z, 0) holds. In particular, it turns out that this matrix is independent of λ, i.e.,
F(z, 0, λ) = F−(z, 0, λ)F0(z, 0).
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Forming the Maurer-Cartan forms on both sides we obtain
λ−1U−1(z, 0) + U0(z, 0) = F(z, 0, λ)−1
d
dz
F(z, 0, λ)
= F−10 (F
−1
−
d
dz
F−)F0 + F−10
dF0
dz
= λ−1F−10 A−1F0 + F
−1
0
dF0
dz
.
Thus we have
A−1 = F0U−1(z, 0)F−10 ,
F
−1
0
dF0
dz
= U0(z, 0).
In view of F0(0, 0) = I and the specific forms of U0 and U−1 as stated in (2.12), we
obtain
F0(z, 0) =

e
u
2
(z,0)−u
2
(0,0)
e−
u
2
(z,0)+u
2
(0,0)
1


and finally we also obtain the formula for the normalized potential of f :
η = λ−1A−1dz
= λ−1

 0 0 ieu(z,0)−
u
2
(0,0)
−iψ(z)e−2u(z,0)+u(0,0) 0 0
0 ieu(z,0)−
u
2
(0,0) 0

 dz.(2.16)
Note that ψ is holomorphic here.
Proposition 2.12 (Wu’s formula ([44])). Let f : D→ CP 2 be a minimal Lagrangian
immersion. Then with the notation of (2.12) the normalized potential η of f with
respect to the base point z = 0 is given by the formula (2.16).
Remark 2. (1) Wu’s formula shows how the entries of the normalized potential can
be expressed in terms of u and ψ.
(2) The proof above gives an argument for small z. However, since η is meromor-
phic on D, all matrix entries have meromorphic extensions to D.
MINIMAL LAGRANGIAN SURFACES IN CP
2
: PART I 15
Example. For the Clifford torus f : T 2C = C/ΛC → CP 2 (see details in Subsection
2.4), one has the following commutative diagram
C S5(1)
T 2C CP
2
f
f˜
Π ΠH
f
and a horizontal lift f : C→ S5(1) given by
f(z, z¯) =
1√
3
(ez−z¯, eαz−α
2z¯, eα
2z−αz¯),
where α = e
2
3
pii. It is easy to see that ψ = fzz · fz¯ = −1 and eu = 1. Then it follows
from Wu’s formula that the normalized potential of the Clifford torus is given by
η = λ−1

0 0 ii 0 0
0 i 0

 dz.
We write η = λ−1Adz and verify [A, τ(A)] = 0. Therefore the solution to dF− =
F−, F−(0, λ) = I is given by F−(z, λ) = exp(zλ−1A).
Performing the Iwasawa decomposition, we obtain the extended frame given by
F(z, λ) = exp(zλ−1A + z¯λτ(A)). Consider the translation
z 7→ z + δ, with δ ∈ C.
Therefore the monodromy matrix of the frame F(z, λ) for this translation is given by
F(z + δ, λ) = M(δ, λ)F(z, λ),
where
M(δ, λ) = exp(δλ−1A + δ¯λτ(A)).
Then the map fλ0 : C → CP 2 can be defined on C/δZ if and only if fλ0(z + δ) =
fλ0(z), which is equivalent to M(δ, λ0) = cI, where c is a scalar satisfying c
3 = 1.
Since the eigenvalues of A are i, iα and iα2, it follows that the closing conditions for
λ0 ∈ S1 are
eiλ
−1
0 δ+iλ0δ¯ = eiλ
−1
0 αδ+iλ0α
2δ¯ = eiλ
−1
0 α
2δ+iλ0αδ¯ = c,
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which is
Re(λ−10 δ) =
kπ
3
+ l1π,(2.17)
Re(λ−10 αδ) =
kπ
3
+ l2π,(2.18)
Re(λ−10 α
2δ) =
kπ
3
+ l3π,(2.19)
for k = 0, 1 or 2 and l1, l2, l3 ∈ Z. It is easy to see now that for any λ0 ∈ S1, the
solutions to (2.17)-(2.19) are given by
δ =
2l1 − l2 − l3
3
λ0π + i
l3 − l2√
3
λ0π.
Therefore, for arbitrary λ0, we obtain the λ0 = 1 lattice rotated by λ0. This implies
the following
Proposition 2.13. Every member in the associated family of the Clifford torus is
still a torus.
3. Vacuum solutions
A vacuum is an extended frame whose normalized potential is given by η = λ−1Adz
with A ∈ g−1 a constant matrix satisfying [A, τ(A)] = 0 (see [6]). To clarify what
this means we consider the constant matrix
A =

0 0 ab 0 0
0 a 0

 ∈ g−1. Then τ(A) =

 0 −b¯ 00 0 −a¯
−a¯ 0 0

 ,
and the condition [A, τ(A)] = 0 says |a|2 = |b|2.
Let’s next write a = ireiθ and b = ireiβ. Now take the following gauge transfor-
mation
eiδ e−iδ
1

A

e−iδ eiδ
1

 =

 0 0 irei(θ+δ)irei(β−2δ) 0 0
0 irei(θ+δ) 0

 .
Then choose δ such that θ + δ = β − 2δ, i.e., δ = β−θ
3
. Thus,
η = λ−1irei
2θ+β
3

0 0 ii 0 0
0 i 0

 dz.
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Finally, choose a new coordinate: z 7→ w = rei 2θ+β3 z, and we obtain
η = λ−1

0 0 ii 0 0
0 i 0

 dw.
Summing up and since the gauge transformation induces an isometry of CP 2, we
have
Proposition 3.1. Any vacuum can be deformed by gauge transformations and co-
ordinate changes to the potential of the Clifford torus.
4. Minimal Lagrangian immersions in CP 2 with symmetries
4.1. General background. For all classes of surfaces, the surfaces admitting some
symmetries are of particular interest and beauty. In this section we discuss symme-
tries of contractible minimal Lagrangian surfaces.
Let M = D be a contractible Riemann surface. (Note that we can exclude the
discussion of S2.) While a basic definition of a symmetry R for the image f(D) of
a minimal Lagrangian surface f : D → CP 2 may only mean Rf(D) = f(D), it is
very helpful, if for the given minimal Lagrangian immersion there even also exists
an automorphism γ of D satisfying
(4.1) f(γ.z) = Rf(z) for all z ∈ D.
Note that most of our functions are functions of z and z¯. However, where no
confusion can occur we frequently drop the argument involving z¯.
The existence of such an automorphism γ can usually be proven as in Theorem
2.7, [9], if the induced metric is complete (and we assume anyway that D is simply-
connected).
Therefore, in this paper, for a minimal Lagrangian immersion f : M → CP 2, a
symmetry will always be a pair (γ,R) ∈ (Aut(M), Iso0(CP 2)), such that
(4.2) f(γ · z) = Rf(z) for all z ∈M
holds. Note that here we use the lower label 0 to denote the connected component
of the isometry group of CP 2 and that we actually have Iso0(CP
2) = PSU(3).
From here on we will always assume that f is full, i.e., that if we have some
R ∈ Iso0(CP 2) such that Rf(p) = f(p) for all p ∈ D, then R = id.
The following result is an easy consequence of the definitions.
Lemma 4.1. Assume f : D → CP 2 is a minimal Lagrangian immersion with a
horizontal lift f.
(1) If f is full, then also the horizontal lift f of f is full.
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(2) If (γ,R) is a symmetry of f andR = [R] for some R ∈ SU(3), then (γ, δγ,RR)
is a symmetry of f for some δγ,R ∈ S1 and δγ,RR is uniquely determined.
Proof. (1) Assume that there exists some H ∈ SU(3) satisfying Hf(z) = f(z) for
all z ∈ D. Then after projection down to CP 2 we obtain [H ]f(z) = f(z) for
all z ∈ D. Since f is full, we obtain [H ] = I, i.e. H = cI with c3 = 1. But
cf(z) = f(z) for all z ∈ D implies c = 1 and H = id, thus f is also full.
(2) The equation f(γ.z) = [R]f(z) implies that f(γ.z) and Rf(z) are horizontal
lifts of f(γ.z) and [R]f(z) respectively. Hence there exists δγ,R with the
properties as claimed.

Furthermore, the following result can be shown almost verbatim as in Lemma 2.5
and Theorem 2.6 in [9], respectively.
Lemma 4.2. Let f : D → CP 2 be a minimal Lagrangian immersion and (γ,R) ∈
Aut(D)× Iso0(CP 2), a symmetry of f . Then R is uniquely determined by γ.
Theorem 4.3. Let f : D→ CP 2 be a minimal Lagrangian immersion and put
ΓD =
{
γ ∈ Aut(D) such that there exists some R ∈ Iso0(CP 2)
so that (γ,R) is a symmetry for f
}
.
Then ΓD is a closed subgroup of Aut(D). Moreover, the natural homomorphism ΓD →
Iso0(CP
2), γ 7→ R, is real analytic.
The discussion of the behaviour of the horizontal lift under symmetries induced
from f is somewhat more complicated. First we observe that Lemma 4.1 and Theo-
rem 2.6 of [9] yield
Proposition 4.4. Let f : D→ CP 2 be a minimal Lagrangian immersion defined on
some contractible Riemann surface with a horizontal lift f. Then there exists a real
analytic homomorphism φ : ΓD → U(3) such that
f(γ.z) = φ(γ)f(z)
for all z ∈ D and all γ ∈ ΓD. More precisely, if R ∈ SU(3) satisfies [R] = R, then
φ(γ) = c(γ)R with c(γ) ∈ S1.
Next we consider the transformation behaviour of the frame F(f) under symme-
tries. We recall the definition of the frame (see [32]):
(4.3) F(f) = (√a−1e−u/2ξ,
√
b
−1
e−u/2η, f),
where ξ = fz − (fz · f¯)f, η = fz¯ − (fz¯ · f¯)f, a = e−uξ · ξ¯, b = e−uη · η¯ and in our case
ξ = fz, η = fz¯, a = b = 1, and g = 2e
udzdz¯ is the induced metric. Moreover, we
assume that we have chosen the lift f such that detF(f) = −1 holds.
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Let now (γ, R) be a symmetry of f. Then a straightforward computation yields
(4.4) F(f ◦ γ)(z) = cRF(f)(z)k(γ, z),
where k(γ, z) ∈ K = U(1) and c ∈ S1 as above.
More precisely we have
(4.5) k(γ, z, z¯) = diag(|γ′|/γ′, |γ′|/γ¯′, 1), where γ′ = γz.
In this paper the transformation behaviour of the extended frame F is of great
importance. For this we recall that before defining F we have normalized F(f) so
as to have determinant −1 by multiplying by some factor in S1. Note, these factors
may be different for F(f◦γ)(z) and F(f)(z) in (4.4). Properly normalizing the frames
we obtain
Proposition 4.5. Let (γ, R) be a symmetry of f. Then we can assume w.l.g.
(4.6) F(f ◦ γ)(z) = cˆRF(f)(z)k(γ, z),
where k(γ, z) ∈ K = U(1) as above, but also such that cˆ ∈ S1 satisfies cˆ3 = 1 and we
have detF(f) = −1 and detF(f ◦ γ) = −1.
Proof. After multiplying the frames with the corresponding factors, equation (4.4)
changes as stated. But by taking determinants the last claim now follows. 
4.2. Symmetries of Lagrangian surfaces defined on contractible Riemann
surfaces in the loop group formalism. Inserting the loop parameter, see sub-
section 2.5 above, produces a family of frames, called temporarily Fν, with initial
condition Fν(z, z¯) = F(z, z¯), and extends equation (4.6) above to
(4.7) Fν(γ.z) = χ˜(ν)Fν(z)k(γ, z)
with χ˜(ν) unitary and χ˜(ν = −i) = cˆR. By an argument given above (2.11) one can
even assume without loss of generality χ˜(ν) ∈ SU(3), detFν(γ.z) = −1, detFν(z) =
−1 and cˆ3 = 1.
It follows easily from the definition (2.11) of F(z, z¯, λ) that F satisfies the equation
(4.8) F(γ.z, γ.z, λ) = χ(λ)F(z, z¯, λ)k(γ, z, z¯),
with χ(λ) = χ˜(−iλ−3) and χ(1) = cˆR.
Actually F(z, z¯, λ) induces a family of minimal Lagrangian immersions fλ, by pro-
jecting the last column fλ of F(z, z¯, λ) to CP
2. One observes that then fλ is a
horizontal lift for fλ, and F(z, z¯, λ) = F(fλ)(z, z¯, λ) holds. We point out that the
matrices F(z, z¯, λ) are in SU(3).
With this notation we then obtain
(4.9) fλ(γ.z) = [χ(λ)]fλ(z) for all z ∈ D.
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5. Symmetries (γ,R) with γ or R of finite order
5.1. Symmetries (γ, R) of minimal Lagrangian immersions where γ has a
fixed point. In this subsection we consider minimal Lagrangian immersions f :
D → CP 2 defined on a contractible Riemann surface with some symmetry (γ,R)
of f , where γ has a fixed point in D. We also assume as before, that each such
immersion is full. We have
Theorem 5.1. Let f : D→ CP 2 be a minimal Lagrangian immersion with horizontal
lift f and (γ,R) a symmetry of f . Assume that γ has a fixed point z0 ∈ D. Then
there exists an extended frame F(f), normalized to F(f)(z0, λ) = I, of f such that its
Birkhoff splitting F = F−W+ satisfies
(5.1) F−(γ · z, λ) = TF−(z, λ)T−1,
where T ∈ K. Moreover, the Maurer-Cartan form η of F−, i.e. the normalized
potential of f , satisfies
(5.2) η(γ · z, λ) = Tη(z, λ)T−1.
Conversely, if we start from some normalized potential η satisfying (5.2) for some
symmetry (γ,R) with fixed point z0 ∈ D of γ, and if η is finite at z0, then the solution
to the ODE dC = Cη, C(z0, λ) = I satisfies (5.1). From this we obtain
(5.3) f(γ · z, λ) = Tf(z, λ).
Proof. Choose a base point z0 and assume F(z0, λ) = I. Evaluating (4.8) at z = z0
we obtain I = χ(γ, λ)k(γ, z0). This shows
χ(γ, λ) = k(γ, z0)
−1
and implies that χ is independent of z and λ, denoted by T . Performing the unique
Birkhoff decomposition F = F−W+ with F− of the form F−(z, λ) = I + O(λ−1),
we obtain F−(γ · z, λ)W+(γ · z, λ) = F(γ · z, λ) = TF(z, λ)k(γ, z) = TF−(z, λ)T−1 ·
TW+(z, λ)k(γ, z) from which, together with F−(z, λ) = I +O(λ−1), we infer
F−(γ · z, λ) = TF−(z, λ)T−1, W+(γ · z, λ) = TW+(z, λ)k(γ, z)
and the first part of the theorem follows.
To prove the converse we split C = FV+ such that the leading term V0 of V+ has
only positive diagonal entries. Then the uniqueness of the Iwasawa splitting shows
that C ◦ γ = TFT−1 ·TV+T−1 implies TF(z, λ)T−1 = F(γ · z, λ) and TV+(z, λ)T−1 =
V+(γ · z, λ) and the claim follows. 
Corollary 5.2. Let f : D → CP 2 be a (full) minimal Lagrangian immersion and
(γ, R) a symmetry of f . Assume that γ has finite order m. Then γ has a fixed point
in D, and the theorem applies. Moreover, if f is full, then Rm = I holds.
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Example (Minimal Lagrangian surfaces with finite order symmetry). Let γ · z =
e
2pii
m z and T = diag(e
2pii
m , e−
2pii
m , 1). Take the normalized potential
η = λ−1

 0 0 a(zm)z−3b(zm) 0 0
0 a(zm) 0

 dz,
where a(z), b(z) are any holomorphic functions, b vanishes at z = 0 and m ≥ 3 is
an integer. Then η satisfies γ∗η = TηT−1. By the above theorem, η produces a
minimal Lagrangian immersion which possesses an m-fold symmetry with the fixed
point z = 0. This describes a new class of minimal Lagrangian immersions.
Remark 3. If one starts from some minimal Lagrangian surface with finite order
symmetry, then the normalized potential has the form as above, but with mero-
morphic functions a and b. It would be interesting to know which of the potentials
as above with a and b meromorphic will yield smooth immersions. The analogous
problem for CMC surfaces in R3 was solved in [8].
Another possibility is, where T has infinite order. In this case the closure of the
set {Tm;m ∈ Z} is a continuous group and also the closure of the set {γm;m ∈ Z}
is a continuous group. We will discuss this case in Section 6 below.
5.2. Symmetries (γ,R) of minimal Lagrangian immersions, where R has
finite order, but γ has no fixed point. In the last subsection we have discussed
the case, where γm = id for some symmetry (γ,R) of some minimal Lagrangian
immersion f . We have seen that in this case γ has a fixed point, say z0 ∈ D and that
Rm = I holds if f is full.
In this subsection we consider the case, where Rm = I holds, but where γ does
not have any fixed point. In preparation for this we prove
Proposition 5.3. Let f : D→ CP 2 be a minimal Lagrangian immersion and put
(5.4) ker(f) = {κ ∈ Aut(D); f(κ · z) = f(z) for all z ∈ D}.
Then ker(f) is a discrete subgroup of Aut(D) and acts freely and discontinuously on
D.
Proof. The proof can be taken almost verbatim from the proposition on p.446 of
[9]. 
From this we obtain
Proposition 5.4. Let f : D→ CP 2 be a minimal Lagrangian immersion and (γ,R)
a symmetry of f , where R satisfies Rm = id, Rm−1 6= id for some positive integer
m. Then we obtain
(a) γm ∈ ker(f).
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(b) f descends to a minimal Lagrangian immersion fˆ from the Riemann surface
Mˆ = D/ ker(f) to CP 2.
(c) The symmetry (γ,R) of f descends to a symmetry (γˆ,R) of fˆ and γˆ acts on
Mˆ as an automorphism of finite order m.
Corollary 5.5. Under the assumptions of Proposition 5.4 above, if, in addition, γ
has a fixed point in D, then γ is of finite order m.
Proof. From part a) above we conclude γm = id, since γm ∈ ker(f) has a fixed point
and ker(f) acts fixed point free. 
5.2.1. The case D = C. In this case we can give a more precise description. Let
D = C and f : D → CP 2 be a minimal Lagrangian immersion. Let (γ,R) be a
symmetry of f , where R satisfies Rm = id, Rm−1 6= id for some positive integer m
and where γ does not have a fixed point in C.
Since an automorphism of C has no fixed point if and only if it is a translation,
we conclude that ker(f) is a discrete group of translations and therefore is either 0,
or Zω with some nonzero ω ∈ C or Zω1 + Zω2 with ω1 and ω2 linearly independent
over R. Hence Mˆ of Proposition 5.4is the complex plane or a cylinder C = C/Zω or
a torus T = C/Zω1 + Zω2.
Moreover, γ acts on Mˆ as an automorphism of order m. Since we also have
assumed that γ does not have a fixed point in C, we know γ.z = z + δ, for some
nonzero δ ∈ C.
As a consequence, γm.z = z+mδ is in ker(f), whence ker(f) is non-trivial and Mˆ
is not simply-connected.
Since γ has no fixed point, only ker f = Zω or ker f = Zω1+Zω2 can occur. Thus
we have
Proposition 5.6. Let D = C and f : D → CP 2 a minimal Lagrangian immersion.
Let (γ,R) be a symmetry of f , where R satisfies Rm = id, Rm−1 6= id for some
positive integer m and where γ does not have a fixed point in C. Then γ(z) = z + δ
and only the following two cases occur:
(i) In the case when ker f = Zω: δ = rω 6= 0 with r rational;
(ii) In the case when ker f = Zω1+Zω2: δ = r1ω1+ r2ω2 6= 0 with r1, r2 rational.
The example listed in section 2.4 yields an example for this situation.
5.2.2. The case of the (open) upper half-plane D = H. We look for an example of a
minimal Lagrangian immersion f : H → CP 2 which has a symmetry, (γ,R), such
that Rm = id for some positive integer m, but where γ ∈ Aut(H) ∼= PSL(2,R) does
not have any fixed point in H.
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In a case as considered we know that the matrix A ∈ SL(2,R) representing the
Mo¨bius transformation γ can be assumed to either have the double eigenvalue 1 or
two different positive eigenvalues a0 and a
−1
0 .
In the first case γ acts by a translation parallel to the real axis and in the second
case by γ.z = a20z which turns into a translation parallel to the real axis after
an application of the biholomorphic transformation H → S, z 7→ ln(z) − ipi
2
with
S = R× (−pi
2
, pi
2
).
Note, by our choice of mapping the real axis becomes a central axis of the strip S.
As a consequence, the strip S is invariant under complex conjugation.
Thus in all cases we can assume γ · z = z + p, p ∈ R, where z is in H or in S.
Transporting f to the corresponding strip we obtain for all z:
(1) f(z + p) = Rf(z),
(2) f(z +mp) = Rmf(z) = f(z).
In the case when m = 1, i.e. in the case where Rm = R = I, the immersion
descends to a minimal Lagrangian immersion from the cylinder C/pZ to CP 2. In all
other cases one obtains a minimal Lagrangian immersion from the cylinder C/mpZ
to CP 2 with an additional m-fold symmetry.
It seems that one can determine, similar to [13], what potentials one needs to
choose to obtain minimal Lagrangian cylinders with anm-fold symmetry as described
above. This may be discussed elsewhere. Instead, we start from the strip S defined
just above and consider potentials which lead to cylinders with an m-fold symmetry.
To this end, let a, b, δ : S → C be any holomorphic functions on S of period 2π
which cannot be extended beyond any point of the boundary lines of S and are real
along the real axis.
Consider the matrix differential one-form
η =

 iδ(z) −b(z¯) a(z)b(z) −iδ(z) −a(z¯)
−a(z¯) a(z) 0

 dz.
Note that η is actually defined on all of S, skew-Hermitian along the real axis
and periodic of period 2π. Then the solution to the (matrix) ODE dC = Cη,
C(z = 0) = I satisfies C(z + 2π) = RC(z) and is unitary along the real axis.
Next we introduce the parameter λ ∈ S1 as follows:
ηλ(z) =

 iδ(z) −λb(z¯) λ−1a(z)λ−1b(z) −iδ(z) −λa(z¯)
−λa(z¯) λ−1a(z) 0

 dz.
Note that ηλ is contained in Λsl(3,C)σ, is primitive relative to σ and skew-hermitian
along the real axis, and 2π-periodic.
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Let C(z, λ) denote a solution to dC = Cη, C(0, λ) = I. Then there exists χ(λ) ∈
ΛSU(3)σ such that γ
∗C = χ(λ)C, where γ denotes the translation by 2π. Assume
now that χ(λ = 1) has finite order m, i.e. that χ(λ = 1)m = I holds.
Following the loop group procedure (applied to the primitive 1-form ηλ above), we
perform the Iwasawa decomposition C = FW+ and obtain γ
∗F = χ(λ)Fk for k ∈ K.
Defining fλ as the last column of Fλ and fλ as the projection of fλ to CP
2 we
obtain
γ∗fλ = [χ(λ)]fλ.
Moreover, fλ is a minimal Lagrangian immersion defined on S. The surface f = fλ=1
descends, because of Rm = [χ(λ = 1)]m = I, to a minimal Lagrangian immersion
fC : S/m2πZ→ CP 2,
on which we have the symmetry (γ, [χ(λ = 1)] = R), and where R has finite order
m and γ has no fixed point in S.
Remark 4. In the last example a crucial step is, where we assume that χ(λ =
1)m = I holds. We will show in a planned continuation to this paper how one can
find functions a, b, δ as above such that this additional assumption holds.
6. Minimal Lagrangian surfaces with large groups of symmetries
For immersed surfaces in a manifold N two major types of symmetries occur:
– at one hand the transformations of N which leave the surface invariant, called
“extrinsic symmetries”;
– on the other hand the group of isometries of the induced metric, called “intrinsic
symmetries”.
In this paper, the group of extrinsic symmetries of a minimal Lagrangian surface
consists, by definition, of all pairs (γ,R) ∈ (Aut(M), Iso0(CP 2)), such that
(6.1) f(γ · z) = Rf(z) for all z ∈M.
It thus is a closed subgroup of (Aut(M), Iso0(CP
2)), whence a Lie group. But also
the group ΓM of first components is a closed subgroup of Aut(M), see Theorem 4.3
on symmetries and therefore a Lie group.
6.1. Lie groups ΓM of extrinsic symmetries of dimension ≥ 2. If the di-
mension of ΓM is at least two, then the surface is homogeneous. In this case the
classification is well known (see [15], Section 7, for references)
Theorem 6.1. (1) Every minimal Lagrangian immersion f : S2 → CP 2 is ho-
mogeneous and f(S2) is, up to isometries of CP 2, contained in RP 2.
(2) If D denotes the unit disk in C, then there does not exist any homogeneous,
minimal Lagrangian immersion f : D→ CP 2 .
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(3) Every homogeneous minimal Lagrangian immersion f : C→ CP 2 is isomet-
rically isomorphic with the Clifford torus.
6.2. Lie groups ΓM of extrinsic symmetries of dimension 1. We exclude from
here on the homogeneous cases.
Assume now that the minimal Lagrangian immersion f : M → CP 2 is equivariant,
i.e., it admits a one-parameter group (γt, R(t)) ∈ (Aut(M), Iso0(CP 2)) of extrinsic
automorphisms, meaning that the symmetries are induced by isometries of CP 2.
Then, up to a biholomorphic change of domains and possibly a transition to the
universal cover, one obtains exactly two types of immersions, all defined on con-
tractible domains in C.
(1) rotationally equivariant minimal Lagrangian immersions, i.e. those, where
the one-parameter group is the full group of rotations about a point z0 ∈ D,
(2) translationally equivariant minimal Lagrangian immersions, i.e. those, where
D can be realized as a strip and the one-parameter group as the full group of
translations (without loss of generality, parallel to the real axis).
Both cases have been investigated, see [14], [15]. We briefly summarize the main
results: First we mention [15], Theorem 5.
Theorem 6.2. Any minimal Lagrangian immersion f from C or S2 into CP 2 which
is rotationally equivariant has a vanishing cubic Hopf differential, and therefore is
totally geodesic in CP 2 and its image is, up to isometries of CP 2, contained in RP 2.
For translationally equivariant surfaces, we obtain, see [14], Theorem 6.
Theorem 6.3. For any translationally equivariant minimal Lagrangian immersion,
the extended frame F can be chosen such that F(0, λ) = I and
(6.2) F(t+ z, λ) = χ(t, λ)F(z, λ),
holds, where χ(t, λ) is a one-parameter group in SU(3).
Using this one can apply [4] and obtains, see [14], Proposition 3.
Theorem 6.4. A minimal Lagrangian surface in CP 2 is translationally equivariant
if and only it is generated by a degree one constant potential D(λ)dz. In this case the
immersion can be defined without loss of generality on all of C. The potential function
D(λ) can be obtained from the extended frame F satisfying (6.2) and F(0, λ) = I by
the equation
D(λ) = F(z, λ)−1∂xF(z, λ)|z=0.
The translationally equivariant minimal Lagrangian surfaces have been investi-
gated by many authors. For a classical description see [7]. The case of tori was
investigated more generally in [32]. The description of the potential D(λ)dz above
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has been given in [4]. A more detailed study of these surfaces in the spirit of the
present paper can be found in [14].
6.3. Coarse classification of the surfaces with one-parameter groups of
isometries. In the last subsection we recalled what is known for surfaces with one-
parameter groups of extrinsic symmetries. The question is what one can say if one
only considers one-parameter groups of isometries. For the case of constant mean
curvature surfaces this question has been answered by [42] in a well-received paper.
Here we prove the main result of [42] for our setting.
Theorem 6.5. Let f : M → CP 2 be a minimal Lagrangian immersion in conformal
coordinates and denote by g = 2eudzdz¯ the induced metric. Assume that this induced
metric admits on M a one-parameter group of isometries.
Then up to some biholomorphic changes of the domain and possibly a transition
to the universal cover one can assume that either the immersion is defined on a
strip S containing the real axis, the one-parameter group can be assumed to act by
translations parallel to the real axis and f is actually translationally equivariant, or
the (natural) normalized potential for f satisfies
(6.3) η(ptz, qtλ) = Tη(z, λ)T
−1,
with ptz = e
ip0tz, qtλ = e
iq0tλ, p0, q0, t ∈ R and T = diag(τ, τ−1, 1) a unitary diagonal
matrix with last entry 1 and τ = eit0t.
Proof. In the first part of the claim we consider an immersion f from a Riemann
surface to CP 2 and this immersion is conformal. Therefore, the connected compo-
nent of the group of isometries consists of holomorphic automorphisms of M . We
can thus apply the classification of Riemann surfaces with one-parameter groups of
holomorphic automorphisms as discussed already above and obtain that there are
(up to biholomorphic equivalence and possibly transition to the universal cover) just
two general types of one-parameter groups: groups of rotations about a point in M
and groups of translations in a strip (without loss of generality, parallel to the real
axis).
Case 1 : The translational case: In this case we note that the fact that the one-
parameter group consists of isometries implies that the conformal metric factor eu
only depends on y, putting z = x+ iy. Moreover, applying the one-parameter group
of isometries to the (holomorphic) cubic form shows that its coefficient is constant.
Next we consider the Maurer-Cartan form α of our natural frame F which satisfies
F(0) = I. Then it is easy to verify that γ∗t α = α holds, where γt denotes the one-
parameter group of translations parallel to the real axis. As a consequence, the frame
F satisfies γ∗t F = χtF. This shows that the immersion is translationally equivariant.
Case 2 : The rotational case: In this case the one-parameter group of isometries
consists of rotations (without loss of generality about the point z = 0 which is
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contained in M). Now it is easy to verify that the conformal metric factor only
depends on r and that the cubic form has as coefficient function a complex multiple
of a (non-negative integer) power of z.
Now we consider the Maurer-Cartan form αλ of the extended frame F(z, z¯, λ).
Then the (13)-entry of this Maurer-Cartan form picks up the factor q−1t pt by the
operation of the one-parameter groups pt and qt, while the (21)-entry picks up the
factor q−1t ptp
n
t , if the power of z of the (21)-entry is n. Now it is easy to show that
there exists some one-parameter group τt such that with T (t) = diag(τt, τ
−1
t , 1) we
obtain α(pt.z, qt.λ) = T (t)α(z, λ)T (t)
−1.
As a consequence, the frame F transforms like
(6.4) F(pt.z, qt.λ) = H(t, λ)F(z, λ)T (t)
−1.
Note that here H(t, λ) ∈ ΛSU(3)σ. In particular, the immersion f derived from
the frame F satisfies
(6.5) f(pt.z, qt.λ) = H(t, λ)f(z, λ).
After modifying the frame in (6.4) by left-multiplication by a matrix independent
of z such that the new frame ( still denoted by the same letter) attains the value I
at z = 0, it follows that H(t, λ) = T (t) and thus is independent of λ.
Now perform (at least locally near z = 0) the (unique) Birkhoff decomposition of
F(pt.z, qt.λ):
F(pt.z, qt.λ) = L−(z, λ)W+(z, z¯, λ),
where L−(z, λ) = I +O(λ). Then, since H is diagonal, this implies
L−(pt.z, qt.λ) = T (t)L−(z, λ)T (t)
−1.
Since the analogous relation holds for the Maurer-Cartan form η of L−, it follows
that the corresponding normalized potential η satisfies equation (6.3).

Remark 5. (1) If we start from a normalized potential satisfying (6.3), then we
will find in the next section that the corresponding surface actually does admit a
one-parameter group of (intrinsic) isometries.
(2) It is important to note that in this section we have considered rotational
symmetries for which the fixed point is contained in the surface M on which the
isometries act. If the fixed point is not contained in the surface M , then one can
consider the universal cover of M . There the one-parameter group acts without loss
of generality by translations and has a period.
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7. Entire radially symmetric minimal Lagrangian immersions into CP 2
Radially symmetric surfaces occur naturally in quantum cohomology and are dis-
cussed as immersions defined on C∗ ([12, 23, 38]), even though it would be more
precise to lift the discussion to the universal cover C.
In this paper we concentrate, after a short general introduction, on surfaces defined
on C.
7.1. The basic setting and the basic formulas. In our context we consider a
minimal Lagrangian immersion f : D∗r → CP 2, where D∗r ≡ {0 < |z| < r} and write
its normalized potential in the form
(7.1) η(z, λ) = λ−1

0 0 iaib 0 0
0 ia 0

 dz.
We assume that this normalized potential satisfies the condition, encountered al-
ready above in (6.3),
(7.2) η(ptz, qtλ) = Tη(z, λ)T
−1,
with ptz = e
ip0tz, qtλ = e
iq0tλ, p0, q0, t ∈ R and T = diag(τ, τ−1, 1) a unitary diagonal
matrix with last entry 1 with τ = eit0t.
In quantum cohomology this transformation property is called the homogeneity
condition. We will use the same name for this condition.
After a simple computation we obtain
(1) q−1pa(pz) = τa(z),
(2) q−1pb(pz) = τ−2b(z).
Since the normalized potential is (generally) meromorphic, we can consider a Lau-
rent expansion of η about z = 0. Let ak be a non-vanishing coefficient in the Laurent
expansion of a and bn a non-vanishing coefficient in the Laurent expansion of b. Re-
call, if a = 0, then we do not get an immersed surface and if b = 0, then we obtain
a totally geodesic surface, i.e. an open part of RP 2 ⊂ CP 2. Therefore both these
cases will be avoided in this paper.
Then the homogeneity condition implies
(7.3) q−1pk+1 = τ,
and
(7.4) q−1pn+1 = τ−2.
Therefore,
(7.5) q3 = p2k+n+3.
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In particular, q0 =
1
3
(2k + n+ 3)p0 and τ = exp(it0t) with t0 =
1
3
(k− n)p0. Further-
more, it is easy to verify that a and b can contain at most one pole:
Since we assume that the normalized potential is meromorphic, the condition
above implies that the set of singularities of η in D∗r can only consist of the origin.
Therefore, altogether, the normalized potential η is actually defined on C∗ and has
the form
(7.6) η(z, λ) = λ−1

 0 0 iakzkibnzn 0 0
0 iakz
k 0

 dz.
After conjugation by a diagonal matrix with entries in S1 and a scaling of the
coordinate system if necessary, we obtain
Lemma 7.1. In (7.6) one can assume without loss of generality, ak > 0 and that bn
is of the form
(7.7) bn = −ak−2ψ0 with ψ0 < 0.
With this notation the cubic form is given by
(7.8) ψ(z) = ψ0z
2k+n.
Hence we obtain
Theorem 7.2. Let η be a normalized potential for a minimal Lagrangian surface
defined on D∗r which satisfies the homogeneity condition (7.2) with ptz = e
ip0tz, qtλ =
eiq0tλ, p0, q0, t ∈ R and T a unitary diagonal matrix T = diag(τ, τ−1, 1), with
τ = exp(it0t). Then
a) q0 =
1
3
(2k + n+ 3)p0 and t0 =
1
3
(k − n)p0.
b) All coefficients of η are complex multiples of some powers of z, this means
that η can be defined on C∗ and η has the form (7.6), where one can also
assume the properties are specified in (7.7).
c) The cubic form is a complex multiple of z, more precisely we have (7.8).
Conversely, given a normalized potential of the form (7.6) and satisfying (7.7),
define pt, qt and T (t) with coefficients as in a) above, then η satisfies the homogeneity
condition with these functions.
Remark 6. Obviously, an interesting special case is the case, where T (t) ≡ I for
all t. The formula above for t0 shows that this is equivalent to k = n. But in this
case the substitution dw = zndz reduces this special case to the one, where the
normalized potential is constant. We will discuss this case in more detail at the end
of this paper.
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An inspection of the homogeneity condition shows that this transformation de-
scribes a behaviour which is very different from the behaviour under an extrinsic
symmetry, i.e. one induced by some isometry of CP 2. The transformation behaviour
stated by the homogeneity condition is therefore also called intrinsic symmetry.
However, if we can find a tˆ, for which we obtain q(tˆ) = 1, then the homogeneity
condition describes an extrinsic symmetry for the fixed value tˆ of the variable t.
Frequently, radially symmetric surfaces admit a finite set of extrinsic symmetries.
Corollary 7.3. With the notation of the theorem above we put tˆ = 2π/q0, so that
q(tˆ) = 1. Then
a) tˆ = 6pi
(2k+n+3)p0
.
b) The exponent of p(tˆ) is 6pii
2k+n+3
.
c) The exponent of τ(tˆ) is 6pi(k−n)i
2k+n+3
.
In particular, the transformations p(tˆ) and T (tˆ) have finite order such that
(7.9) η(p(tˆ)z, λ) = T (tˆ)η(z, λ)T (tˆ)−1
for all z ∈ C∗ and λ ∈ S1.
7.2. The transformation formulas for entire radially symmetric minimal
Lagrangian surfaces. The case, where there is a pole at z = 0, has been treated
in some cases (different from minimal Lagrangian surfaces), [12], [24]. It is beyond
this paper to generalize the work mentioned just above. Therefore, for the rest of
this paper we will restrict to holomorphic normalized potentials defined on C, in
particular defined at z = 0.
Using that the (13)-entry of the normalized potential of a minimal Lagrangian
immersion never vanishes (as pointed out above again), we infer
Lemma 7.4. If η is the normalized potential of a minimal Lagrangian surface defined
on all of C satisfying the homogeneoeity condition (7.2), then all entries of η are
complex multiples of a power of z and the surface constructed from η is an immersion
on C∗. Moreover, writing the (13)-entry of η in the form iakzk, it follows that the
surface constructed from η is also an immersion at z = 0 if and only if k = 0 and
ak 6= 0.
Definition 1. In what follows we will call surfaces defined on all of C entire. The sur-
faces considered in Lemma 7.4 thus will be called entire radially symmetric surfaces
and, in case they are globally immersions, entire radially symmetric immersions.
Remark 7. Applying Corollary 7.3 to entire radially symmetric immersions for
which the cubic form is constant, we observe that then k = n = 0 and p(tˆ) = 1 and
T (tˆ) = I.
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For an entire radially symmetric surface we choose z = 0 as a base point and solve
the ODE dC = Cη with initial condition C(0, λ) = I on C. The (unique) Iwasawa
decomposition C = FˆV+ then yields a frame which is globally defined on C.
Moreover, induced from the homogeneity condition of the normalized potential, C
satisfies the transformation formula
(7.10) C(pz, qλ) = TC(z, λ)T−1,
and Fˆ, obtained from C via Iwasawa decomposition satisfies
(7.11) Fˆ(pz, qλ) = T Fˆ(z, λ)T−1.
Since we have chosen the unique Iwasawa splitting, we have Fˆ(0, λ) = I and V+(0, λ) =
I and also
(7.12) V+(pz, qλ) = TV+(z, λ)T
−1.
Moreover, from (7.11) we obtain for the Maurer-Cartan form αˆ of Fˆ:
(7.13) αˆ(ptz, qtλ) = T αˆ(z, λ)T
−1,
where p, q and T are as for η.
Note that any two frames are gauge equivalent by some element in K. Hence,
at all immersion points of f we have Fˆ(z, λ) = F(z, λ)k(z), where Fˆ is as above
and F denotes our standard normalized frame of the associated minimal Lagrangian
surface. From the Maurer-Cartan form α of F(z, λ) and also from the one of Fˆ(z, λ)
one can read off the metric by taking absolute values of the (13)-entry. The matrix
k then has as first diagonal entry the inverse of the phase factor of the (13)-entry.
From this the Hopf differential can be computed.
Theorem 7.5. If the normalized potential for the entire minimal Lagrangian surface
f : C → CP 2 satisfies the homogeneity condition, then the metric only depends on
the radius and the Hopf differential ψ is of the form ψ(z) = ψ0z
l with l = 2k+n and
ψ0 a complex number.
Since for the surface we have f = [f], where f is the last column of F(z, λ), we
obtain for the associated family of the surface constructed from η the transformation
formula:
(7.14) f(pz, qλ) = [T ]f(z, λ).
Note that this transformation formula is different from the one occurring for extrinsic
symmetries.
More generally, one can consider minimal Lagrangian surfaces, say defined on C,
for which the associated family satisfies the transformation formula
(7.15) f(pz, qλ) = G(t, λ)f(z, λ)
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for some isometry G(t, λ) ∈ PSU3. In this paper we will only consider the condition
(7.14) and call the surface radially symmetric.
7.3. Entire surfaces satisfying f(ptz, qtλ) = [Tt]f(z, λ) are entire radially sym-
metric. Entire radially symmetric surface means satisfying (7.14) and defined on C.
Converse to the above discussion and in particular to Lemma 7.4 we prove
Theorem 7.6. Let f : C → CP 2 be a minimal Lagrangian immersion satisfying
the transformation formula (7.14). So f is radially symmetric by the above defini-
tion. Furthermore, the frame F is globally smooth and such that (7.11) holds and its
normalized potential satisfies the homogeneity condition. Moreover, the normalized
potential is defined on all of C and has the form (7.6) with k = 0 and a0 6= 0.
Proof. We will carry out the proof in several steps:
Step 1: We start from some minimal Lagrangian surface defined on C satisfying
f(pz, qλ) = [T ]f(z, λ)
with p, q, T as above. Then we consider a horizontal lift f of f and form the frame
F and can assume that it attains the value I at z = 0. It is straightforward to verify
now that the metric induced by f only depends on r2 and it is the restriction of a
never vanishing real analytic map defined on R2. Let α denote the Maurer-Cartan
form (2.12) of F and observe that we know its entries. Thus the frame is smooth.
Step 2: We need to determine the cubic form in more detail. For this we observe
that the Tzitzeica equation, written relative to polar coordinates, only contains the
metric, respectively its exponent actually, u(r2), and |ψ(z)|2. As a consequence,
|ψ(z)|2 only depends on r2. Now holomorphicity of ψ shows that therefore ψ is of
the form ψ(z) = ψ0z
m for some non-negative integer m.
Step 3: Next we choose one-parameter groups pt, qt, Tt of the form as before,
but with still unknown parameters p0, q0 and t0. Then we write out α(pz, qλ) and
Tα(z, λ)T−1. By inspection of these two expressions it is easy to verify that given p0
one can choose q0 and t0 such that (also using the normalization I at the base point
z = 0)
F(f)(pz, qλ) = TF(f)(z, λ)T−1
holds.
Step 4: Now we perform the (unique, where possible,) Birkhoff decomposition
F = F−V+ with F− = I + O(λ−1) and conclude (since T is unitary and also in
Λ+SL(3,C))
(7.16) F−(pz, qλ) = TF−(z, λ)T
−1.
Since we have chosen z = 0 as a base point, the frame F is smooth around z = 0
and attains the value I there. Therefore the Birkhoff decomposition is analytic in a
neighbourhood of z = 0 and, as a consequence, the normalized potential is smooth at
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z = 0. Equation (7.16) implies that the normalized potential, i.e. the Maurer-Cartan
form η of F− satisfies the homogeneity condition
η(ptz, qtλ) = Tη(z, λ)T
−1.
This finishes the proof of the theorem. 
7.4. Properties of metric and cubic form of an entire radially symmetric
minimal Lagrangian surface. In the last subsection we have seen, how one can
go from entire radially symmetric surfaces to normalized potentials satisfying a ho-
mogeneity condition and that the converse procedure also holds. Moreover, we have
stated the transformation behaviour of frames and potentials in each step.
In this subsection we will discuss how the metric and the cubic form characterize
entire radially symmetric surfaces.
Theorem 7.6 shows
Corollary 7.7. If f : C → CP 2 is an entire radially symmetric immersion, i.e., f
satisfies (7.14)) then its cubic form Ψ = ψdz3 is of the form ψ = ψ0z
m, where we
can assume without loss of generality ψ0 < 0 and that m is a non-negative integer.
Moreover, its metric only depends on r2.
Proposition 7.8. Furthermore, any minimal Lagrangian surface defined on C with
cubic form Ψ = ψ0z
mdz3, ψ0 < 0, and m a non-negative integer, and which has a
metric only depending on r2 is entire radially symmetric.
Proof. To prove the converse, we consider the Maurer-Cartan form of the given
surface and one-parameter groups pt, qt and T (t) satisfying such that the Maurer-
Cartan form α, gauged by some diag( z
v
|z|v ,
|z|v
zv
, 1), has the transformation behaviour
α(pt.z, qt.λ) = T (t)α(z, λ)T (t)
−1. From this one derives the transformation be-
haviour for the normalized potential η of the given immersion and observes that
η satisfies the homogeneity condition. 
Corollary 7.9. Let Ψ = ψ0z
mdz3, m ≥ 0, m ∈ Z be a cubic form defined on C and
let eu be a non-negative function on C, positive on C∗ and only depending on r.
Assume, moreover, that these functions satisfy the Tzitzeica equation. Then the
standard Maurer-Cartan form built with ψ = ψ0z
m and eu(r) produces an entire
radially symmetric minimal Lagrangian surface.
Proof. The given information yields a minimal Lagrangian surface defined on C,
possibly with a singularity at z = 0. Now the theorem above applies. 
7.5. The Painleve´ equation for the metric of entire radially symmetric
minimal Lagrangian surfaces. In this subsection we write out, how the Tzizeica
equation for general minimal Lagrangian surfaces specializes to the case of entire
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radially symmetric minimal Lagrangian surfaces. First we use the fact that the
metric only depends on r. Thus we obtain in polar coordinates
(7.17) u′′ +
1
r
u′ + 4eu − 4|ψ|2e−2u = 0.
Remark 8. For a normalized potential as in (7.6) the corresponding radially sym-
metric surface has as cubic form a complex multiple of z2k+n. The equation just
above thus is the classical Tzizeica equation (in polar coordinates) if and only if η is
a constant matrix, i.e. k = n = 0. This was missed to observe in [38].
Using that the coefficient of the cubic form is a multiple of a power of z we will show
that the equation above can be rewritten (after some substitutions) as a Painleve´
equation:
Consider the function h(s) = eu(r(s))sj with s = rl. Then we also have h(s(r)) =
eu(r)rjl. Hence
u(r) = log h(s(r))− jl log r.
Substituting this into the Tzitzeica equation, written in polar coordinates, a
straightforward computation yields (with h = h(s(r)) and denoting the derivative
for s by a dot):
h¨ =
(h˙)2
h
− 1
rl
h˙− 4
l2
h2
r2l+jl−2
+
4|ψ0|2
l2
1
r2l−2jl−2−4k−2n
1
h
,
with ψ = ψ0z
2k+n and ψ0 ∈ C.
We want to compare this to the celebrated Painleve´ III equation
(7.18) y′′(s) =
y′(s)2
y(s)
− y
′(s)
s
+
αy(s)2 + β
s
+ γy(s)3 +
δ
y(s)
.
It is easy to verify that in the classification of Okamoto [37] our equation is of type
D7, if we choose the parameters j and l such that
l + jl = 2 and 2l − 2jl − 2− 4k − 2n = 0
hold, equivalently
l =
1
2
(2k + n+ 3) and jl =
1
2
(1− 2k − n).
Therefore, altogether we obtain:
Theorem 7.10. The metric of an entire radially symmetric minimal Lagrangian
surface with metric eu(r) and cubic form ψ(z)dz3 = ψ0z
2k+ndz3 only depends on r
and satisfies the Painleve´ equation PIII of type D7, with h = h(s) satisfying
(7.19) h¨ =
(h˙)2
h
− h˙
s
− 16
(2k + n + 3)2
h2
s
+
16|ψ0|2
(2k + n + 3)2
1
h
.
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In the discussion of Painleve´ equations the asymptotic behaviour of solutions is of
great importance (see, e.g. [20]). In our setting it is easy to determine the asymptotic
behaviour of the solutions discussed in this section at z = 0.
Theorem 7.11. Let f : C → CP 2 be an entire radially symmetric minimal La-
grangian surface with metric eu(r) and cubic form ψ(z)dz3 = ψ0z
2k+ndz3 and let
(7.20) h(s) = eu(r(s))sj ,
with s = rl, where l = 1
2
(2k + n + 3)and jl = 1
2
(1 − 2k − n). Then for s → 0 the
function h(s) has the asymptotic behaviour
(7.21) log(h(s)) ≈ 2k − n + 1
2k + n + 3
log s + 2 log |ak|+ o(s).
Proof. To understand the behaviour of h near s = 0 we use one more relation, namely
C = FV+. Here we can assume without loss of generality that the Maurer-Cartan
form of F has the form (2.12). This leads to the equation
(7.22) akz
k = ie
u
2 v−10 ,
where v0 is the λ
0−term of the 11-entry of V+. Altogether we obtain
h(s) = eu(s)sj = |v0(r(s))|2r(s)2ksj
and, since v0(0) = 1 we obtain (7.21). 
The following result clarifies the relation between entire radially symmetric mini-
mal Lagrangian surfaces and solutions to the Painleve´ equation PIII with a certain
asymptotics at z = 0. In fact, h is the unique solution with the asymptotic behavior
(7.21).
Theorem 7.12. Each entire radially symmetric minimal Lagrangian surface with
normalized potential (7.6) yields a solution to the third Painleve´ equation (7.19)
which has the asymptotics (7.21) at z = 0.
Conversely, assume we have two solutions to the third Painleve´ equation (7.19)
which has the asymptotics (7.21) at z = 0. Then these two solutions are equal.
Proof. We only argue for the second part of the statement. Assume u and uˆ are
two solutions to the third Painleve´ equation (7.19) which has the asymptotics (7.21)
at z = 0. Then from the Painleve´ equation we read off 2k + n = 2kˆ + nˆ and
|ψ0| = |ψˆ0|. Equation (7.21) permits now to conclude 2k − n = 2kˆ − nˆ and we can
read off |ak| = |aˆk|. The two integer equations imply k = kˆ and n = nˆ. Hence we
know that the normalized potentials of the two entire radially symmetric minimal
surfaces associated with the two solutions started from have equal powers of z at
corresponding entries. But it follows from Proposition 7.1 that after conjugation
by a diagonal matrix with entries in S1 and a scaling of the coordinate system (if
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necessary) permit to assume without loss of generality that the coefficients in the
normalized potential satisfy a0 > 0 and ψ0 < 0 in (7.6). Therefore the two solutions
come from the same normalized potential and thus the surfaces are equal. Then also
the solutions of the third Painleve´ equation PIII coincide. 
Remark 9. (1) In general, solutions to Painleve´ equations have many singular-
ities along the positive real axis. It is a rare, but important, case, when one
finds a solution without singularities. Since our potential is holomorphic on
C, and since the Iwasawa decomposition is, in our case, global, the surface
is defined on all of C, with a branch point at z = 0 if k > 0. In view of our
substitutions (7.20) it follows, that the solution to our Painleve´ equation is
smooth for s > 0 and approaches 0 as s tends to 0 if 2k − n+ 1 is positive.
(2) In the proof above we have observed that the (11)-entry of the leading term
V+ in the Iwasawa decomposition C = FV+, called e
b in [38], is a complex
multiple of z−keu/2.
8. Examples of entire radially symmetric minimal Lagrangian
immersions into CP 2
In the last section we have explained how one can construct all radially symmetric
minimal Lagrangian surfaces which have a normalized potential which is holomorphic
on an open disk Dr in C with center z = 0. In this section we will discuss some very
special cases following the method discussed in this paper. For more details and
explanations respectively see subsection 2.3.
In both cases we start from some normalized potential η, see (7.1). Then we solve
the ODE
dC(z, λ) = C(z, λ)η(z, λ), C(0, λ) = I.
In the next step we perform an Iwasawa decomposition
F(z, z¯, λ) = C(z, λ)V+(z, z¯, λ).
One frequently mentions here the “unique Iwasawa decomposition”, obtained by
requiring that the diagonal terms of the leading coefficient of V+ are positive.
For concrete computations it is, however, sometimes useful to choose another Iwa-
sawa decomposition, namely the one, where the Maurer-Cartan form of F has the
form (2.12). This one can do without loss of generality and in this subsection we will
assume this choice.
The last step in the construction procedure is to choose the last column f of F and
to project it to CP 2. Then the resulting map f is a minimal Lagrangian surface in
CP 2 and f is a horizontal lift of f assuming that the (13)-entry of η never vanishes. (If
this entry vanishes at some point, then one can sometimes change this by a singular
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gauge so that one actually even then will obtain a minimal immersion. But in this
paper we have not considered singular gauges.)
For our example the following result is of crucial importance.
Theorem 8.1. Let f : C → CP 2 be a full minimal Lagrangian immersion. The
normalized potential η of f is constant if and only if there exists a one-parameter
subgroup pt ∈ S1 such that η(ptz, ptλ) = η(z, λ).
Proof. For a constant normalized potential η = λ−1Adz with constant A, there exists
one-parameter group pt = exp(itp0) and qt = exp(itq0) such η(ptz, qtλ) = η(z, λ) with
k = n (and T = I). It follows that f is an immersion that k = 0. Hence we have
η(ptz, ptλ) = η(z, λ)
for any one-parameter group pt = exp(itc) with an arbitrary real number c.
Conversely, suppose that the normalized potential of a minimal Lagrangian im-
mersion f : C → CP 2 satisfies η(ptz, ptλ) = η(z, λ) for pt = exp(itc) with a real
number c.
This implies that η satisfies the homogeneity condition with T = I, hence η has of
form (7.6) with k = n. Since f is an immersion on all of C, it follows from Lemma
7.4 that k = 0. Thus the normalized potential η = λ−1Adz is constant. 
Remark 10. In [2] an initial value problem for dC = Cη was considered, where not
only I as initial condition is used, but any positive constant diagonal matrix. In our
case, we can always chose without loss of generality the matrix I as initial condition.
In fact, for a given positive diagonal matrix A, C(z, λ) is a solution to dC = Cη,
C(0, λ) = A if and only if CA = ACA
−1 is a solution to dCA = CAηA, CA(0, λ) = I
for the potential ηA = AηA
−1.
8.1. Implications for metric and cubic form.
Lemma 8.2. If the normalized potential of a full, minimal Lagrangian immersion
f : C → CP 2 satisfies η(ptz, ptλ) = η(z, λ) for a one-parameter group pt ∈ S1, then
ψ is constant and the metric only depends on r.
Proof. It follows from Theorem 8.1 that the normalized potential of f is constant.
This implies
(8.1) F(ptz, ptλ) = F(z, λ)
for the frame of the minimal Lagrangian immersion associated to η.
The invariance (8.1) of F implies immediately that the Maurer-Cartan form α =
F−1dF satisfies
(8.2) α(ptz, ptλ) = α(z, λ).
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From this one reads off (again) that ψ is constant, but also that the metric fac-
tor 2eu of f only depends on r2 = zz¯. Explicitly, it follows from λ−3ψ(z)dz3 =
(ptλ)
−3ψ(ptz)d(ptz)3, that ψ(ptz) = ψ(z) holds. Since ψ(z) is holomorphic in z, ψ(z)
is constant. Similarly, eu(ptz) = Fz(ptz)Fz(ptz) = e
u(z) implies u(ptz) = u(z). Hence
u only depends on the radius r2 = zz¯. 
Remark 11. The conditions η(ptz, ptλ) = η(z, λ), C(ptz, ptλ) = C(z, λ), F(ptz, ptλ) =
F(z, λ) and f(ptz, ptλ) = f(z, λ) are equivalent to each other. Moreover, these con-
ditions imply f(λ−1z, 1) = f(z, λ). Thus the surface has the same image for all λ,
but a different parametrization.
Remark 12. We will state explicitly the Painleve III equation and its asymptotics
at 0 in equations (8.8) and (8.9) below.
We have started with a radially symmetric minimal Lagrangian immersion satis-
fying the special condition
(8.3) f(eip0tz, eipotλ) = f(z, λ).
In this case we also know
(8.4) u(z, z¯) = u(r).
In [22] the authors have considered surfaces in R3 which are intrinsically surfaces
of revolution. By definition this means that the induced metric is conformal with
metric factor only depending on r. Under the additional assumption that
a) the principal curvatures only depend on the radius,
b) the principal curvature directions only depend on the angle of rotation (but
the radius),
they proved that these surfaces have constant mean curvature and are Smyth surfaces
(for a precise formulation see loc.cit Theorem 1.3). In the minimal surface case these
surfaces are Enneper type surfaces (see loc.cit Theorem 1.5). Smyth had assumed
radially symmetric and constant mean curvature. In this regard the paper [22] makes
an additional statement about the minimal case.
In our case one can consider the special additional assumptions:
i) ψ = 0,
ii) ψ 6= 0 but a = b = 1 and ψ0 = 1,
or,
iii) ψ 6= 0 and |a| 6= |b|.
We will show below how we can describe these surfaces in our formalism.
8.2. Case ψ ≡ 0. In this case the Maurer-Cartan form of the extend frame F(z, z¯, λ)
is α = α′dz+α′′dz¯ given by (2.12) with ψ ≡ 0. Assume F(z, z¯, λ) = C(z, λ)V+(z, z¯, λ)
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is the Iwasawa decomposition. Then α′′ = F−1∂z¯F = V −1+ ∂z¯V+. Considering z as a
parameter, we need to solve the following ∂¯-problem:
V −1+ ∂z¯V+ = α
′′, V+(z, 0, λ) = I.
Performing the following gauge transformation
Vˆ+ = V+diag(e
u(z,z¯)
2
−u(z,0)
2 , e
−u(z,z¯)
2
−u(z,0)
2 , 1) =: V+D1,
we obtain
Vˆ −1+ ∂z¯Vˆ+ = iλe
u(z,z¯)−u(z,0)
2 N+,
where N+ =

0 0 00 0 1
1 0 0

 is nilpotent. Thus
Vˆ+(z, z¯, λ) = exp(λh+(z, z¯)N+)
with h+(z, z¯) = i
∫ z¯
0
eu(ξ,ξ¯)−
u(ξ,0)
2 dξ¯ and V+ = Vˆ+D
−1
1 .
Noticing that V+(z, 0, λ) = I, we conclude F(z, 0, λ) = C(z, λ), thus
(8.5) F(z, z¯, λ) = F(z, 0, λ)V+(z, z¯, λ).
Similarly, consider
F−(z, λ) = F(z, 0, λ)diag(e−
u(z,0)
2
+u(0,0)
2 , e
u(z,0)
2
−u(0,0)
2 , 1) =: F(z, 0, λ)D2.
Then
F
−1
− ∂zF− = λ
−1ieu(z,0)−
u(0,0)
2 N−,
where N− =

0 0 10 0 0
0 1 0

 is nilpotent. Thus
F−(z, λ) = exp(λ−1h−(z)N−)
with h−(z) = i
∫ z
0
eu(ξ,0)−
u(0,0)
2 dξ = az, a = ie
u(0,0)
2 , and F(z, 0, λ) = F−(z, λ)D−12 .
Now the Iwasawa decomposition follows.
One can also observe that the extended frame F(z, z¯, λ) is of the form
F(z, z¯, λ) = exp(λ−1h−N−)D exp(λh+N+),
where D = diag(w,w−1, 1) with w > 0. Since exp(h−N−) is the meromorphic ex-
tended frame, we see that h−(z) = az with a = ie
u(0,0)
2 . Also,
diag(λ, λ−1, 1)F(z, z¯, λ)diag(λ−1, λ, 1) = exp(h−N−)D exp(h+N+),
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we can just derive F(z, z¯) for λ = 1. Thus
F(z, z¯) =

1 −a2z22 az0 1 0
0 az 1



w w−1
1



 1 0 0h2+
2
1 h+
h+ 0 1

 .
From F ∈ SU(3) we obtain
w = 1 +
|az|2
2
, h+ = az¯,
and the immersion is given by
f(z, z¯) = [(
az
1 + |az|
2
2
,
az¯
1 + |az|
2
2
,
1− |az|2
2
1 + |az|
2
2
)].
Since a is purely imaginary and

− i√2 − i√2 01√
2
1√
2
0
0 0 1

 f(z, z¯) = 1
1 + |az|
2
2

 |a|
z+z¯√
2
i|a| z¯−z√
2
1− |az|2
2

 ,
the right side gives a part of surface RP 2 in CP 2 given by (x1, x2, x3) ∈ S2 to
[(x1, x2, x3)] ∈ CP 2. Hence f(z, z¯) is an open subset of the surface RP 2 in CP 2 up
to a SU(3) transformation and coordinate change. By the compactness of SU(3),
this holds globally. So Iwasawa decomposition gives rise to the embedding of RP 2
in this case. In addition we see that the normalized potential is given by
λ−1

0 0 a0 0 0
0 a 0

 dz.
8.3. Case ψ 6= 0, a = b = 1. We have seen in Section 3 that this case leads quite
directly to a Clifford torus. Hence ψ 6= 0 is a constant, u is constant, and
α = λ−1Udz + λV dz¯ = λ−1

0 0 ii 0 0
0 i 0

 dz +

0 i 00 0 i
i 0 0

 dz¯,
with [U, V ] = 0. Thus F = exp(λ−1Uz + λV z¯).
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8.4. Case ψ 6= 0 and |a| 6= |b|: In this last case we know the form of the normalized
potential and of the Maurer-Cartan form of the extended frame associated with η.
We thus consider a constant normalized potential η, defined on C, of the form
(8.6) η(z, λ) = λ−1

0 0 iaib 0 0
0 ia 0

 dz,
where we can assume by Lemma 7.1 without loss of generality a > 0 and b =
−a−2ψ > 0. Moreover, |a| 6= |b|.
From Theorem 8.1 and Lemma 8.2 we know that the metric of the corresponding
entire radially symmetric minimal Lagrangian surface only depends on r and the
cubic form ψ(z)dz3 is constant.
We recall that considering the function h(s) = eu(r(s))s
1
3 with s = r
3
2 , we also have
h(s(r)) = eu(r)r
1
2 . Hence
(8.7) u(r) = log h(s(r))− 1
2
log r
and h satisfies
(8.8) h¨ =
(h˙)2
h
− h˙
s
− 16
9
h2
s
+
16|ψ|2
9
1
h
,
with ψ < 0.
Moreover, h has for s→ 0 the asymptotic behaviour
(8.9) log(h(s)) ≈ 1
3
log s+ 2 log |a|+ o(s).
Finally, since |a| 6= |b|, Section 3 implies that u is not constant.
For the treatment of the case under consideration it will be convenient to consider
the frame equations directly:
F
−1
Fz =
1
λ

 0 0 ie
u
2
−iψe−u 0 0
0 ie
u
2 0

+

 uz2 −uz
2
0


:= λ−1U−1 + U0,
F
−1
Fz¯ = λ

 0 −iψ¯e−u 00 0 ieu2
ie
u
2 0 0

+

 −uz¯2 uz¯
2
0


:= λV1 + V0.
We note that ψ is any negative constant. We also know that e
u
2 only depends on
r. Since this function also is real analytic, we can write e
u(z,z¯)
2 = q(zz¯) = q(r2), where
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q is an entire function. As a consequence, uz(z, z¯) = ∂zu(z, z¯) = 2q(zz¯)
−1∂zq(zz¯) =
2q(r2)−1(∂rq)(r2)z¯.
Next we rewrite the frame equations above in terms of polar coordinates. Then
F
−1dF = (λ−1U−1 + U0)dz + λV1 + V0)dz¯
= ((λ−1U−1 + U0)eiθ + (λV1 + V0)e−iθ)dr + Y dθ.
In the case under consideration we know
F(eiθr, eiθr, λ) = F(r, r, e−iθλ).
As a consequence, F0(z, λ) := F(z, z¯, λ) satisfies F0(e
iθr, λ) = F0(r, e
−iθλ). Putting
µ = e−iθλ, we observe
F0(r, µ)
−1∂rF0(r, µ) = ((µ−1U−1 + eiθU0) + (µV1 + e−iθV0))
and we also know F0(0, µ) = I. We would like to point out that the latter condition
makes sense in our case, since the function q is entire.
Finally, using uz(z, z¯) = 2q(r
2)−1(∂rq)(r2)z¯, it is straightforward to verify that
eiθU0 + e
−iθV0 = 0 holds.
Theorem 8.3. Let η be a constant potential of the form (8.6) with |a| 6= |b| and
ψ 6= 0. Then the metric is not constant. Moreover, the function h(s) defined in (8.7)
is not a multiple of s
1
3 and satisfies (8.8) and (8.9).
Let F be the extended frame of the associated minimal Lagrangian surface f satisfy-
ing F(0, 0, λ) = I. Then with the notation introduced just above we have F0(e
iθr, λ) =
F0(r, e
−iθλ) and F0 satisfies the ODE
(8.10) F0(r, µ)
−1∂rF0(r, µ) = (µ−1U−1 + µV1)dr
with initial condition F0(0, µ) = I.
Conversely, choose any solution to (8.8) and (8.9) which is not a multiple of s
1
3 .
Define u by (8.7). Then eu is real analytic and is of the form eu(z,z¯) = q(r2), where q
is entire. Next form the matrices U−1 and V1 as above and let H0 denote the solution
to H0(r, µ)
−1∂rH0(r, µ) = (µ−1U−1 + µV1)dr with initial condition H0(0, µ) = I.
On the other hand, form the differential one-form F−1dF = (λ−1U−1 + U0)dz +
(λV1+V0)dz¯. Then this PDE is solvable, since h solves PIII. Moreover, the solution to
this PDE with initial condition F(0, 0, λ) = I is the extended frame of some minimal
Lagrangian surface. Moreover, F(r, r, λ) = H0(r, λ) and F(z, z¯, λ) = H0(r, e
−iθλ).
Proof. It suffices to observe that F(r, r, µ) solves F0(r, µ)
−1∂rF0(r, µ) = (µ−1U−1 +
µV1)dr with initial condition F(0, 0, µ) = I. 
Remark. (1) The frame F above yields the minimal Lagrangian surface f = [F.e3]
in CP 2. Our description hence is in some sense explicit.
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(2) If h is a multiple of s
1
3 , then the metric function eu is constant which implies
|a| = |b|, as can be checked directly using (8.8).
Substituting h = const · s 13 into (8.8), we see that it is a solution iff |ψ| = 1. From
(8.9), the constant is |a|2. Then by the assumption h = eus 13 , we see that eu = |a|2.
Moreover, with our assumption a > 0 and ψ < 0, b = −a−2ψ > 0 we get ψ = −1,
b = a−2. Now the equation uzz¯ = e−2u|ψ|2 − eu leads to 0 = a−4 − a2 and a = 1.
Hence b = a = 1.
(3) The solutions to entire minimal Lagrangian surfaces discussed in the theorem
above have not been investigated so far in the sense of which are elliptic or otherwise
known. It would be interesting to understand, where in the large family of special
functions these solutions fit in.
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